In this short note we analyse T-duality properties of non-relativistic String in Torsional Newton-Cartan Background. We also determine condition that ensures that non-relativistic string maps to non-relativistic string under T-duality.
Introduction and Summary
Recently there was renewed interest in the Newton-Cartan geometry (NC) and its torsional generalization for the study of non-relativistic aspects of string theory and gravity, see for example [1] . It is interesting that there are currently two versions of non-relativistic string theories. First one was proposed in [2, 3] and corresponds to string on torsional NC geometry while the second one was firstly introduced in [4] 1 and corresponds to string in stringy NC geometry. Stringy NC geometry is characterized by foliation of spacetime into two longitudinal directions that, roughly speaking, correspond to world-sheet of fundamental string. In [14] beta function for string in stringy NC gravity was proposed which leads to the dynamical equations of non-relativistic stringy NC gravity. In case of string on torsional NC geometry beta function was calculated in [15] where again this beta function leads to dynamical equations of motion of torsional NC gravity. This is very interesting consistency check which demonstrates that both non-relativistic string theories could be considered as UV completion of corresponding non-relativistic theories of gravity. Finally it was shown in remarkable paper [16] that these seemingly different string theories can be mapped into each other.
In this work we will be interested in the first version of non-relativistic string theory that arises by null reduction of relativistic string. As was argued in our previous paper [17] , following [9] T-duality along null dimension is rather subtle and needs careful treatment. In fact, it is convenient to consider extended string with two auxiliary fields and additional terms on its world-sheet so that the string now propagates in the background with no null isometry. The meaning of two auxiliary fields is that solving their equations of motion and plugging back to the action we get the original one. However since extended action has well defined kinetic term it is much more convenient for performing T-duality as was shown in [17] . We performed it for general null metric and we found that the string in the background with null isometry is T-dual to non-relativistic string.
In this work we apply this procedure to the concrete background [16] . We explicitly derive corresponding Lagrangian density and we found that it has the same form as in [2] .
Then we address the main problem which is T-duality of non-relativistic string in torsional NC background. Since an action for non-relativistic string is non-linear in this background it is not clear whether it is possible to follow standard procedure that is based on the gauging isometry direction on the world-sheet of the string [18, 19] . For that reason we mean that it is natural to start with extended relativistic background and perform T-duality along null direction together with T-duality along one spatial direction. This problem is more complex and we were not able to solve it in the full generality when we have non-zero values of NSNS two form with components along null direction. For that reason we restrict ourselves to the case of zero NSNS two form along these directions leaving the analysis of the most general case to the future. However even in the case of zero NSNS two form we derive interesting results. Explicitly, we show that T-dual string is either relativistic or non-relativistic in accord with the form of the background fields. In more details, in case of the background [16] we find that T-dual string has the same form as the original one when component of the clock form τ µ dx µ along spatial direction y, where we perform T-duality, is zero. This result is in agreement with the condition that was derived independently in [23] when T-duality of effective action for non-relativistic D-branes was studied. In the opposite case we obtain ordinary relativistic string in the modified background whose explicit transformation rules are determined by solving equations of motion for two auxiliary fields.
Let us outline our results and suggest possible extension of this work. First of all we applied general analysis that had been studied in [17] to the case of the null background [16] and we derived Lagrangian for non-relativistic string in torsional NC geometry. Then we studied properties of this string under T-duality along spatial direction with isometry and we argued that T-dual string is either relativistic or non-relativistic with dependence on the value of the background clock form τ µ dx µ . In case when the T-dual string is again nonrelativistic string in torsional NC background we found T-dual background fields whose transformation rules are in agreement with Buscher's rules [18, 19] and also with the analysis performed in [17] which is nice consistency check of both approaches. On the other hand we should stress that these results were derived on condition when the NSNS two form with components along null and spatial directions are zero. We leave an analysis of the most general case to the future work. This paper is organized as follows. In the next section (2) we show how Lagrangian for non-relativistic string in torsional NC background can be derived using T-duality transformations along null directions. Then in section (3) we study T-duality of this string along spatial direction and we determine T-dual components of the background fields.
String with Light-like Isometry and Non-Relativistic String
We begin with the bosonic string in the background with null isometry whose dynamics is governed by the Lagrangian density
where T is string tension, G µν , B µν , µ, ν = 0, . . . , d − 1 are background metric and NSNS two form. Further, G µu and B µu are background fields along null direction labelled with u. Finally we used 1 + 1 decomposition of the world-sheet metric where N is two dimensional lapse, N σ is two dimensional shift and ω is spatial component of the metric, and
, where τ and σ label time and space dimensions on the string world-sheet, see [17] for more details.
The crucial point which is related to this Lagrangian density is an absence of the metric component G uu . This fact makes the Hamiltonian analysis of this theory rather problematic. Then it was shown in [17] that it is convenient to rewrite (2.1) into equivalent form
where now we have to choose A and B in such a way to ensure thatĜ uu = 0 after solving equations of motion for λ + and λ − . Further, we also demand thatĜ µν ,B µν ,Ĝ µu ,B µu reduce to G µν , B µν , G µu , B µu when the equations of motion for λ + and λ − are solved. More explicitly, the equations of motion for λ + , λ − have the form
and hence they give following contribution to the Lagrangian density
Generally A and B could have the form
(2.5)
However as was shown in [17] it is sufficient to consider the case when A µ = B µ = 0 since their non-zero values modify the background metric G µν only. In this case we obtain following contribution to the Lagrangian after solving equations of motion for λ + , λ − in the form
which implies that the Lagrangian density (2.2) reduces to the original one when
Note also that in this case all hatted and unhatted components of the background fields coincide. In other words, an extended action has the form
This action is the starting point of our analysis which is based on the canonical description of T-duality. The Hamiltonian corresponding to the action (2.8) was found in [17] and has the form
where we performed rescaling
and where p µ and p u are momenta conjugate to x µ , u respectively and where
Having identified canonical Hamiltonian we can proceed to the definition of nonrelativistic string when we perform T-duality along u direction. This is done when we introduce dual coordinate η and p η that are related to p u and u by canonical transformations [20, 21] p
Then performing again inverse Legendre transformation to Lagrangian description we obtain T-dual Lagrangian in the form
where
and where the background fields are given by standard Buscher's rules [18, 19] 
Finally, A M and B M are defined as
(2.16) Let us now solve the equations of motion forλ + ,λ − that have the form
If we multiply the first equation with ∂ σx M B M and the second one by ∂ σx N A N and sum them we obtain where the matrix M M N is defined as
Further,if we multiply two equations in (2.17) we obtain
Then the final Lagrangian density has the form of non-relativistic string action
where M αβ is matrix inverse to M αβ so that M αβ M βγ = δ α β .
We use this general procedure for the case of the background with null isometry which defines NC with torsion [2, 16] 
where det h µν = 0. We also have non-zero NSNS two form with following componentŝ
(2.24)
For this background the components of the matrix M M N have the form
Without lost of generality we can takeĜ uu = 1 and hence we obtain
(2.27) Further, with the help of the background fields (2.23) we obtain
Then we see that Lagrangian density is equal to
29)
were ǫ αβ = −ǫ βα , ǫ 01 = 1. We see that the Lagrangian density (2.29) agrees with the Lagrangian density found in [16] and we mean that this is nice consistency check of the general procedure outlined above. In the next section we analyse how this non-relativistic string transforms under T-duality.
T-duality of Non-Relativistic String in Torsional NC Geometry
We see that the Lagrangian density given above is non-linear and hence it is not clear how to use standard procedure based on the gauging of the isometry direction. For that reason we mean that it is natural to start with extended relativistic string and perform T-duality along both two directions, one corresponding to the original dimension that defines non-relativistic string and the second one that corresponds to T-duality along spatial dimension. Since we study this problem with the help of the canonical formalism we start with the Hamiltonian for extended string and perform T-duality along two directions, one corresponding to u and the second one to spatial direction that we label as y. We use common notation wherep
. We also restrict ourselves to the case when B µu = 0. Then T-dual Hamiltonian constraint has the form
where k ′ i = p i + TB ij ∂ σ x j , i, j, k = 0, . . . , d − 2 and where
In order to determine form of the background fields it is convenient to derive corresponding Lagrangian from (3.2). We begin with the equations of motion forx m , x i
where H T = dσ(N τ H T τ + N σ H T σ ). If we combine (3.4) together we can expressp m as
We further introduce matrixG ij inverse toĜ ij
so that
Then, after some algebra, we find Lagrangian density in the form
where we have following components of background metric and NSNS two form
Now the nature of T-dual string depends on the form of the inverse matrixG mn . In case whenG ηη = 1 Guu we obtain that T-dual string is non-relativistic string. To see this we introduce again notatioñ
where of course we could express A M and B M with the help of the transformed fields given in (3.10) . Then the expression proportional toλ + ,λ − can be written as
Now in the first case whenG ηη = 1
Guu
we find that Y + mG mn Y − n + 1 = 0 and hence we find
As a result we obtain Lagrangian density in the form
In opposite case let us denote X = (Y + mG mn Y − n + 1). Then the equation of motion forλ ± can be solved as
(3.16)
Inserting this result into (3.12) we obtain following contribution to the Lagrangian density
and hence we obtain relativistic form of the Lagrangian density Now we return to the background (2.23). In this explicit case the matrixĜ mn has compo-nentsĜ mn = h yy − 2τ y m y τ y τ yĜuu (3.20) so that inverse metric has the form
As it is clear from the matrix above the condition to haveĜ ηη = 1 Guu we should demand that τ y = 0. so thatG When we chooseĜ uu = 1 we obtain that T-dual background fields have the form Then we obtain
and hence we see that T-dual Lagrangian density has the same form as in (2.29) (with zero b µ ) with background metric and NSNS two form fields given in (3.26 ). This is again nice consistency check. Of course we should stress that we do not consider the most general case whenB uµ = b µ = 0. On the other hand we do not expect that the presence of non-zero NSNS two form field qualitatively changes the transformation rules presented in this paper however this problem should be investigated further.
